I. INTRODUCTION
Normal Distributions Transform (NDT) is one of the most famous registration algorithms [1] - [3] . The algorithm registers a point cloud to the reference point cloud. In robotics, it is a method of estimating the pose variation of a robot. While the robot continuously scans the environment, it registers each new point cloud to preceding point cloud or the global map by registration algorithm. The transformation vector is obtained by each registration, and it is the estimation of pose variation.
NDT is a registration algorithm accelerated by transforming reference point cloud to multiple distributions. Three processes of NDT and variants are subdividing the reference point cloud to partial point clouds, transforming partial point clouds into distributions, and registering new point cloud to distributions. At first, NDT subdivides reference point cloud by regular cells. Next, it computes means and covariance matrices of partial point clouds in cells, and it transforms them into normal distributions. Finally, it registers new point clouds by maximizing the sum of scores.
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By comparison with Iterative Closest Point (ICP), the most popular registration algorithm, the process of searching for correspondence in NDT is faster since the number of distributions is small [4] . However, the accuracy of NDT is lower than ICP since the group of distributions is an approximate representation of structure. In the registering process of NDT, the new point cloud gets closer iteratively by maximizing the score. Therefore, new points tend to move to the mass center of reference distribution where the score is the maximum.
The big issue of NDT is the size of cells. If the side length of regular cell is bigger, the structure of reference point cloud in a cell is more complex [2] , [4] . Thus the mass center of the point cloud is possibly far away from the point cloud. For example, in Fig. 1 , a point cloud in a cell is a wall in L-shape. The ball in Fig. 1(a) is an ellipsoid whose radius are Mahalanobis distance of 1.6. It is obvious that the mass center is hanging in the air, and that distribution is not fitting the point cloud. Therefore, new points tending to move to the mass center would lead to the failure of registration or the low accuracy. On the other hand, if the cells are subdivided once more as shown in Fig. 1(b) , distributions in cells are disc-like, and mean points are almost near the centers of partial point clouds. Thus, distributions generated by the small cells represents the structure better than by the big cells. However, if the number of reference points in a cell is too small, the distribution hardly represent the structure, and it could even be generated. This paper focuses on the effect of cell size and propose a new method to generate multi-scale disc-like distributions for NDT. To decrease the number of distributions and represent the structure of environment better, the proposed method subdivides reference point cloud by multi-scale cells. A big plane-like partial point cloud would be represented by one disc-like distribution while the complex-shaped one would be represented by distributions in multiple sizes. The most important part of the proposed method is the flatness evaluation method. It determines whether the partial point clouds are flat.
The plan of the paper is as follows. In Section II the processes of the proposed method is described, and the details about octree-based subdivision and flatness evaluation method are described. In Section III the results of visualization is demonstrated, and the error and loss of data varied by threshold value  is discussed.
II. BACKGROUND
The process of NDT could be divided into subdividing, generating, and registering [5] . In the subdividing process, NDT generates cells and subdivides reference point cloud into partial point clouds by those cells as shown in Fig.  2 (b). NDT transforms each partial point cloud into a normal distribution whose score function is
where m is the mean vector, and C is the covariance matrix. m and C are computed by 
where () R ξ is the rotational matrix, and () t ξ is the translational vector. To obtain * ξ , Newton method and Levenberg-Marquardt algorithm are usually used [2] , [5] .
In some cases, the error between the estimated pose variation and ground truth is not acceptable. One of reasons is that NDT reaches a local maximum, and another reason is that the global maximum is wrong because of the bad map representation of normal distributions. This paper focus on the second reason and proposes a method to improve the map representation of distributions. 
III. THE PROPOSED METHOD
The goal of the proposed method is generating disclike distributions to represent the structure of point cloud as shown in Fig. 2(d partial point clouds are flat or degenerated. The evaluation at step 2 is based on the flatness evaluation method, and the cells and reference point cloud are subdivided by octree-based subdivision method at step 3 and 4. The details about two methods would be described in subsections.
A. Flatness Evaluation Method
The flatness evaluation of a point cloud is the important part of the proposed method. It decides whether the point cloud need be subdivided. If the shape of a partial point cloud is not flat, then it need be subdivided. The reference point cloud is recursively subdivided until all of partial point clouds are flat or degenerated.
The criteria of flatness evaluation is the Mean Square Error (MSE) of distances between reference points and the corresponding fitting plane. It is obtained as follows:
1. Compute m and C . 2. Find the fitting plane. 3. Compute MSE and evaluate the flatness. First of all, it computes mean and covariance of each partial point. Next, it computes the normal vector n of the fitting plane by principal component analysis (PCA) as shown in Fig. 3 [6] . It uses the eigenvector corresponding to the smallest eigenvalue of covariance matrix C as n , and then it obtains a plane which includes m as follows. MSE is the mean of 2 d , and it is computed as follows [7] . 
As shown in (8) , in fact, it reuses C instead of computing each square of distance. Therefore, the elapsed time of flatness evaluation would be reduced. For the proposed method, if MSE is bigger than the threshold  , it means that the big number of points are further than the threshold distance. In short, the variance of point cloud is too big; therefore, it is not disc-like.
The method has a trade-off between runtime and the accuracy. If  is small, then the examination becomes strict. As a result, the runtime becomes longer since the reference point cloud is subdivided more times. Moreover, the part of point clouds would be degenerated since it transforms partial point clouds to distributions only if the number of points is bigger than 4. 
B. Octree-Based Subdivision Method
Octree structure as shown in Fig. 4 is one of subdivision methods for NDT [2] , [8] . It is effective to manage partial point clouds. In addition, it is efficient to search for desired cells and points. For those reasons, the proposed method uses octree to generate cells subdividing the reference point cloud. The first step of octree is setting the range. That is, it need compute the side length of initial cell including all of reference points. The top square in Fig. 4 stands for this initial cell. To balance the tree, it is a strategy setting the center at the average point of reference points. Each cell is split to 8 cells by xy, yz, and xz planes through the center of cell. And then, reference points in that cell are subdivided by those subdivided cells.
In Fig. 4 , squares in red mean that the partial point clouds should be subdivided since their structures are not flat. The green squares are stand for flat point clouds, and the gray ones are degenerated point clouds, whose number of points are less than 4.
IV. EXPERIMENTS
The proposed method is implemented based on Point Cloud Library (PCL) [9] . The benchmark data set is the scenario 1 provided by Karlsruhe Institute of Technology, and it is scanned outdoor by Velodyne range sensor [10] . 100 scans are randomly chosen for the experiment. In this experiment, the average percentage of loss of points and the average errors of fitting planes related to threshold  are evaluated. The results are as shown in Fig. 5 . The error decreased sharply as log becomes small. When log is smaller than -6, the error is acceptably small. However, as log decrease, the loss of data increases. The reason is that more partial point clouds are degenerated since the flatness evaluation becomes strict as the threshold value decreases. Therefore, log is better smaller than -7. In the interval from -12 to -8, the variation of loss of data becomes large. Cases whose loss of data increases steeply as log decreases are scanned at complex places. By the experiment, the partial point clouds scanned at more complex environments are much easier to be degenerated by the strict threshold value, and it leads to the big loss of data. Fig. 2 is an example when  is set to 6 
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 . The radius of ellipsoids standing for distributions are Mahalanobis distance of 1.8. The different sizes of distributions are all disc-like. The RGB color of distributions are related to the normal vectors of fitting plane.
V. CONCLUSION
This paper proposes a method to generate multi-scale disc-like distributions for NDT. It uses octree algorithm to easily subdivide reference point cloud. In addition, it uses PCA to find the normal vector for a fitting plane. MSE is used to evaluate the flatness of point clouds. If a partial point cloud is not flat, then it subdivides the point cloud recursively. As the results shown in the experiment, the loss of data steeply increases as the threshold value  is decreased. In addition, the error increases as the threshold value  is increased.
